Accelerated life tests are used to obtain timely information on the durability and reliability of materials. Test units are subjected to higher than usual levels of "stress" and a model is used to estimate life at use conditions. Although it is desirable to use a physically-based model to justify the required extrapolation, in many practical situations, no such model is available or the physical basis for extrapolation is uncertain. In such situations, extrapolation is based on an empirical model. Sensitivity analysis tools then become important to assess the effect of model departures and to allow engineers to make safe design decisions.
Introduction

Background
Product engineers needed information about the reliability of a spring in order to assess trade offs and to make design decisions for a product. In general, there is a tradeoff between the amount of displacement allowed in the motion of the spring and performance of the product. More displacement leads to higher performance but shorter fatigue life. A large experiment was conducted to determine if the fatigue life of the spring could be improved by using a new processing method and to obtain a quantitative description of the displacement-life tradeoff.
In order to protect proprietary data and information we generated simulated data from the fitted model for the original example, modified the scale of the data, and changed the name of one of the experimental factors. Largely, however, the nature of the application is the same as the original.
The experiment
A sample of 108 springs, divided equally between the new and the old processing method, were tested until failure or 5000 kilocycles (which ever came first). Two other factors, processing temperature and stroke displacement (distance that the spring was compressed in each cycle of the test) were varied in a two by three factorial arrangement with replication so that engineers could develop a regression relationship to describe the effects that these variables have on spring life. The stroke variable was being used as an accelerating variable. Nominal processing temperature and use conditions for these springs are 600
• F and a stroke displacement of 20 mils, respectively (a mil is 1/1000 of an inch).
The goal of the experiment was to determine if the new processing method was better than the old method and to see if the spring would have a B10 life, the time by which one expects 10% of the devices to fail, equal to at least 500 megacycles (500,000 kilocycles) at use conditions. This customer specification would imply that no more than 10% percent of the springs would fail before the end of the technological life of the product in applications where the displacement would be 20 mils. If the specification cannot be met, then the product engineers want to know the amount of displacement that would be safe to use (the spring could still be used in the product by limiting displacement, at some loss of product performance).
The data
The data from the spring accelerated life test are given in Table 4 which takes the values New or Old. Springs that had not failed after 5000 kilocycles were coded as "Suspended." Note that at the condition 50 mils, 500
• F, and the New processing method, there were no failures before 5000 kilocycles. All of the other conditions had at least some failures and at five of the twelve conditions, all of the springs failed. Nelson (1990) provides a comprehensive discussion of useful models and statistical methods for accelerated testing. This is an important reference and many of the ideas presented in this paper are implicit in Nelson's extensive treatment of this subject. Chapters 18-22 of Meeker and Escobar (1998) provide some materials that complement Nelson (1990) . Wu and Hamada (2000) and Condra (2001) are other useful references on the use of designed experiment to improve product reliability.
Related literature
Overview
Section 2 describes some initial analyses of the accelerated life test data, allowing an assessment of some of the important model assumptions. Section 3 illustrates the fitting of a response-surface acceleration model. Section 4 studies carefully the effect that the Stroke displacement variable has on spring life, including various sensitivity analyses of model assumptions. Section 5 makes some concluding remarks and outlines some possible areas for further related work.
Software
The analyses shown here were done with SPLIDA (SPlus Life Data Analysis), a collection of S-PLUS functions with a graphical interface (GUI), designed for the analysis of reliability data.
The most up-to-date version of SPLIDA can be downloaded from www.public.iastate.edu/˜splida.
Although some of the basic analyses might be possible in some advanced statistical packages like JMP, SAS, or MINITAB, the sensitivity analysis would probably require programming.
Weibull Distribution and Initial Data Analysis
Individual analyses at each factor-level combination
Analysis of accelerated life test data usually begins by fitting, individually, one or more distributions to each factor-level combination (or, more precisely, at those combinations where there were failures).
We will illustrate fitting models based on the Weibull distribution. Other distributions were also investigated (details are not given here), but the Weibull seemed to provide the best fit to the data.
The Weibull distribution cdf is
In this parameterization, β > 0 is a shape parameter and η > 0 is a scale parameter as well as the approximate .632 quantile. The practical value of the Weibull distribution stems from its ability to describe failure distributions with many different commonly occurring shapes. See Section 4.8 of Meeker and Escobar (1998) for more information.
The Weibull distribution is a member of the log-location-scale family. In particular, the logarithm of a Weibull random variable has a smallest extreme value distribution with location parameter µ = log(η) and scale parameter σ = 1/β. In this form, the Weibull cdf is
where Φ sev (z) = 1 − exp [− exp(z) ] is the cdf of the standardized (µ = 0, σ = 1) smallest extreme value distribution. This parameterization is more convenient for regression modeling of simple relationships between log life and explanatory variables (log-linear models). estimates of the cdf at each factor-level combination. Figure 3 provides the same information, but without the legend and with the data scaled more appropriately. The ML estimates of the Weibull parameters and corresponding standard errors are given in Table 1 for each condition.
Individual analyses with common Weibull shape parameter
Commonly used regression models and, correspondingly, commonly used accelerated test models assume that the scale parameter σ of the location-scale distribution does not depend on the explanatory variables. Meeker and Escobar (1998) show how this simple structure is implied by simple physical/chemical based models (e.g., a one step chemical reaction causing chemical degradation).
On the other hand, it is easy to find counter examples, both in physical theory and in data (e.g., Pascual and Meeker, 1999) . In any case, it is important to assess the adequacy of this model assumption. In order to do this, we fit a model that estimates separate distributions for all combinations of the explanatory variables, but with a common Weibull shape parameter. We call this the "floating scale model." Fitting the floating scale model model is similar to the traditional one-way analysis of variance, but allows for censoring and distributions other than normal (or lognormal). Table 2 . The Intercept parameter estimate corresponds to the location parameter µ at the baseline condition "60Stroke; 500Temp; NewMethod," which we denote by µ base . The other regression coefficients estimate µ i − µ base where the index i corresponds to each of the other factorlevel combinations (except for "50Stroke; 500Temp; NewMethod" where there were no failures). Table 2 also provides ML estimates of the common Weibull shape parameter β and σ = 1/β.
Test for Weibull shape parameter homogeneity
Comparing Figures 3 and 4 show some differences among the shape parameter estimates obtained from the individual ML fits and the ML estimate obtained from the floating scale model. A formal test can be used to see if the observed differences can be explained by natural variability under the floating scale model. From Tables 1 and 2 , the total log likelihood values from the corresponding models are −620.6 and −623.9, respectively. The log likelihood ratio statistic for the comparison is Q = 2 × (−620.6 − (−623.9)) = 6.6. In large samples, under the null hypothesis that the Weibull shape parameter is the same in all groups, the distribution of the log likelihood ratio statistic (under standard regularity conditions that are met here) has a chisquare distribution with degrees of freedom equal to the difference in the number of parameters in the full and the reduced models. The difference in the number of parameters estimated in the two models (again ignoring the "50Stroke; 500Temp;
NewMethod" combination where there were no failures) is 22 − 12 = 10. The the approximate p-value for the test comparing these two different models is Pr(χ 2 10 > 6.6) = 0.237, indicating that the differences in slopes can be explained by chance alone. The knee in the lower tail of the distribution seen in Figure 5 is the kind of deviation that can be expected from chance alone. This can be demonstrated by using Monte Carlo simulations like those described in Section 6.6.1 of Meeker and Escobar (1998) . Thus it appears that there is not strong evidence against the assumption that the fatigue life distribution can be described by a Weibull distribution.
Residual analysis
A lognormal analysis (details not included here) also provided a reasonable fit to the data, but it is not as good as the Weibull fit.
Response Surface Model Analysis
This section describes the construction and evaluation of a model that relates spring fatigue life to the factors in the experiment.
Acceleration/response surface model
The response surface model suggested by the engineers running the test for the spring fatigue life
where Method = 0 for the new method and Method = 1 for the old method. The log transformation for stroke was chosen on the basis of previous experience and tradition. There was no previous experience relating the processing temperature to life so no transformation was used.
The results from fitting this model are given in Figure 6 and summarized in Table 3 . This figure is similar to Figure 4 except that now the relationship between the lines is controlled by the model in (3). The response surface model allows computation of an estimate of F (t) at condition "50Stroke; 500Temp; NewMethod", the right-most line on Figure 6 , even though there were no failures at those conditions.
Test for departure from the acceleration/response surface model
To assess the adequacy of the response surface model, we can use Figure 6 to compare the nonparametric estimates (the plotted points) with the fitted F (t) lines, at each of the combinations of experimental factors. Because of the additional constraint of the model connecting the location of the distributions as a function of the explanatory variables, there will be more deviations between the nonparametric estimates and the fitted F (t) lines in Figure 6 than in Figure 4 .
To test whether such deviations are statistically important, as opposed to being explainable by the natural variability in the data, under the model in (3), we can again do a likelihood ratio test, this time comparing the results in Tables 2 and 3 . The total log likelihood values from the corresponding models are −623.9 and −625.8, respectively. The log likelihood ratio statistic for the comparison is Q = 2 × (−623.9 − (−625.8)) = 3.8. The difference in the number of parameters estimated in the two models (again ignoring the "50Stroke; 500Temp; NewMethod" combination where there were 
Testing for interactions
Although the model in (3) appears to fit the data well, it is important to make sure that there is no evidence of interaction in the data. To do such a check, we fit the following model in (4) that adds two-factor interactions to (3).
Details of the model fit are not given here, but the total log likelihood for this model was −624.6 which is very close to the value of −623.9 for model (3). The log likelihood ratio statistics for the comparison is Q = 2 × (−624.6 − (−623.9)) = 2.4 with a difference in the number of parameters of 8 − 5 = 3. The corresponding p-value is Pr(χ 
Residual diagnostics
Residual plots provide another useful tool for detecting and visualizing departures from a fitted model. A traditional residual plot for this purpose plots the residuals versus the fitted values from the model. Such a plot for the spring fatigue life data and model (3) is shown in Figure 7 . In this example, there is one vertical line of points for each of the twelve combinations of the explanatory variables (although the fitted values for some of the combinations are so close together that it is difficult to see any separation). The upward-pointing triangles indicate right-censored residuals, correspond to right-censored observations, indicating that the actual residual, had there been no censoring, would have been larger, higher in Figure 7 . Recognizing the meaning of the censored residuals, this plot does not indicate any apparent deviation from the assumed model.
Comparison of old and new springs
One of the purposes of the experiment was to compare the new and the old processing methods with respect to fatigue life. constant Weibull shape parameter model, this quantity has the interpretation of the difference between quantiles of the distributions of the old and new methods, on the log scale (e.g., µ Old − µ New ).
Alternatively, we can say that the ML estimate of any given quantile (such as B10) of the fatigue life distribution for the new method is exp(µ Old − µ New ) = exp[−(µ New − µ Old )] = exp(1.272) = 3.57 time larger than the corresponding ML estimate for the fatigue life distribution for the old method.
Again taking numbers from The confidence intervals shown in Figure 9 shows that there is a large amount of uncertainty in the estimate of F (t) at the nominal use conditions. This is primarily due to the large amount of extrapolation. It is important to recognize, however, that the width of the confidence interval reflects only statistical uncertainty due to a limited sample size, and does not account for possible model error. In applications (such as the present application) model error could be substantially large. We investigate potential model error in the next section. 
Estimate of B10 at nominal conditions
Sensitivity to the assumed form of the stroke-life relationship
The authors of the articles in Saltelli, Chan, and Scott (2000) describe a number of different approaches to sensitivity analysis. One general, but useful, approach to sensitivity analysis is to expand the formulation of the model and to investigate the effect of perturbing the parameter(s), over a range of the expansion, to see the effect on answers to questions of interest. We take this approach
here by extending the model in (3). We start by replacing log(Stroke) with the more general Box-Cox transformation on Stroke. In particular, we fit the model
where
Note that because X is a continuous function of λ, corresponds to the log transformation that is commonly used in fatigue life versus stress models and λ = 1 corresponds to no transformation (or, more precisely, a linear transformation that affects the regression parameterization but not the underlying structure of the model). Figure 11 shows that fatigue life decreases by more than an order of magnitude as λ moves from 0 to 1. In particular, the ML estimate of the 0.10 quantile decreases from 900,221 kilocycles to 84,925 kilocycles when λ is changed from 0 to 1. The engineers, based on previous experience with the same failure mode and similar materials, felt that the actual value of λ was probably near to 0 (corresponding to the log transformation) and almost certainly less than 1. Then a conservative decision could be made by designing with an assumed value of λ = 1. In this case, the somewhat optimistic evaluation in Section 4 would become somewhat pessimistic, relative to the 500,000 kilocycle target.
Sensitivity to the assumed form of the temperature-life relationship
The same kind of sensitivity study can be done with the temperature variable. We omit the details here, as they are similar to the presentation in Section 4.2, but we present the graphical results. 
Sensitivity to the assumed distribution
The Weibull distribution seemed to fit the data well and it is easy to demonstrate that, in the tails of the distribution, the Weibull distribution will give predictions of life that are less optimistic relative to the lognormal distribution. To confirm this we can compare directly estimates from the two different distributions. 
Concluding Remarks
It is often suggested that the extrapolation involved in accelerated testing requires the use of a model based on the physics or chemistry of the failure mechanism. While such a theoretical basis for extrapolation is clearly important and desirable, there are situations where important decisions need to be made on the basis of a model that is not firmly grounded in such theory. Due to limited time and resources that preclude the timely development of such theory, alternative approaches are needed. Most commonly, empirical models are used, based on previous experience and engineering judgment. Because of the uncertainty involved in the use of such models, sensitivity analyses becomes especially important.
In this paper we have illustrated how one can use simple sensitivity analyses to explore the effect of extrapolation and and the sensitivity to perturbations to the assumed model. Even when a model based on the physics or chemistry of the failure mode is available, such sensitivity analyses is still important.
A SPLIDA Commands for the Analyses
This appendix gives explicit direction on how to use the SPLIDA software to do the the analyses described in this paper.
1. Use the data frame NewSpring (an example built into SPLIDA) to make the life data object NewSpring.ld, using Stroke, Temp, and Method as explanatory variables. Status is the censoring variable. Use Splida -> Make/edit/summary/view data object -> Summary/view data object or the object browser to view NewSpring.ld. 8. Repeat the analysis in this paper using instead the lognormal distribution. How do the results compare within the range of the data? How do they compare outside of the range of the data?
First use
